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Abstract

Survey of Viete’s contribution.
The resolution of equations: a change of point of view. Study of the equation x2 +ax = b through

texts by Al Khwarizmi and Viète. The role of geometry and identities with a use in class.
The resolution of problems of construction by algebra. Study inscribing a square in a triangle

through texts by Al Khwarizmi and Bézout. Putting in equations and literal treatment of geometry
with uses in class.

The importance of literal calculus.

1 Viète’s contribution
Literal calculus dates from 1591, when François Viète (1540–1603), a jurist born in Fontenay-
le-Comte, in Poitou, counsellor to the King and the Court of France, publishes, in Tours,
a booklet of 14 pages which will revolutionise the practice of mathematics: In Artem Ana-
lyticem Isagoge (Introduction to the analytic Art). The proof? Three years later, 1594 Oc-
tober 10th, at Fontainebleau, Viète solves, within three hours, the challenge that Adrien
Romain made to all mathematicians of the world: “Ut legi, ut solvi” (As soon as I read it,
as soon as I solved it). And he added: “I who do not profess to be a mathematician, but
who, whenever there is leisure, delight in mathematical studies.” The problem is to solve
an equation of degree forty five. Amazing! Viète gives the 23 positive solutions with 9 dig-
its decimal values and their geometric construction (see annex 5.1). How could Viète, an
unknown mathematician, beat all the mathematicians of his time?

1.1 A new algebra
In the context of the Renaissance, Viète rediscovers the works of the great jurists, poets,
writers and mathematicians of the Antiquity. Those of the Greek scientists, sometimes
uncompleted, deliver a lot of results, but also unsolved problems, lost solutions, and no
indications about the method, the analysis, which allowed finding these results. Then, he
rediscovers the solution of an Apollonius’ problem: how is it possible to draw a circle tangent
to three given circles? (See annex 5.1) He will publish his solution in 1595. He will work also
about the trisection of the angle, the construction of the regular heptagon, the duplication
of the cube, the squaring of the circle. At that time, there are lots of treatises of Algebra,
and the necessity of notations appears clearly: they abound, but the method to solve the
problems and the equations is always given with numerical examples. So Viète’s researches
bring him to create a new algebra: “All the mathematicians knew that under their Algebra
or Almulcabala that they praised so much and that they called the Great Art, were hidden
incomparable masses of gold, but they could not find them. So they made great sacrifices
to Apollo and the Muses when they reached the solution of a single of these problems that



476 Jean-Paul GUICHARD

I can spontaneously solve in their dozens, which proves that our art is the most certain
method of invention in mathematics.” (Dedication to Catherine of Parthenay). He names
this new algebra the Analytic Art which he defines as “the science of finding correctly in
mathematics” and to which he assigns the aim of solving any problem: “Analytic Art rightly
claims for itself the magnificent problem of problems which is: How to solve any problem.”
To perform this, he creates a calculus entirely with symbols instead of numbers, which he
names “Specious logistics”: “But how we must approach this research requires that we resort
to a special art which does not work which numbers, as the ancient analysts wrongly thought,
but with a new logistics. . . Specious logistics is that which is exposed by signs and symbols
for example letters of the alphabet.” This calculus uses only letters: the letter A or any
other vowel E, I, O, U, Y for: the magnitudes which are to be found, the letters B, C, D
or other consonants for the magnitudes that are given. It is what you are calling now the
literal calculus. This calculus obeys the law of homogeneous quantities, that is to say the
dimension of magnitudes; for dimension 2: A square, B plane, for dimension 3: D cube F
solid. . . Then we write with letters the relations between magnitudes and we obtain either
equations, or formulas.

1.2 The possibility of solving problems in the general case using algebra

To illustrate his new algebra, Viète publishes contemporaneously with Isagoge, five books of
researches: The Zetetics. Most of them are problems from The Arithmetica of Diophantus.
Thus, he wants to make appreciate by the reader the important change brought by his new
calculus.

Let study first, the first problem of the first book: “Given the difference between two
sides and their sum, find the sides.” (Text of Zetetics I 1: see annex 5.2). Diophantus treats
the problem with an example, as Viète’s contemporaries do. He takes 100 for the sum, and
40 for the difference. Choosing for unknown the minus of the two required numbers, he
finds 30 and 70. What does Viète? He uses the same way for the resolution, but he notes
B the difference, D the sum, A the smallest of the required numbers, and E the greatest.

He finds A equal to
1
2
D − 1

2
B and E equal to

1
2
D +

1
2
B. After this he puts the result in

words as a general rule and ends by a numerical application. With which numbers? Guess
it. Diophantus’ones!

For all the problems Viète takes the same outlines: general solution using literal calcu-
lus (his specious logistic), statement of a rule or theorem, numerical application using the
numerical algebra of his contemporaries (numerical logistic as he says) with cossic symbols.
Thus you preserve the data: you find them in the formulas giving the unknown quantities as
a function of known quantities. The problem is solved in the general case. For the particular
cases, you just have to do a numerical application. It’s a proceeding which became standard,
and current in Physics. Without literal calculus, Diophantus or anybody else would have to
solve the problem again for other numerical data.

For the first problem of his Zetetics, Viète follows Diophantus for the proceeding. But
for the other problem Viète shows us that his new algebra allows, for the first time, to prove
formulas and theorems using calculus, to create new ones, and to use them. Thus Viète
is able to create new methods to solve problems. Have a look at the fourth problem of
the second book of Zetetics: “Given the product of two numbers and their sum, find the
numbers.” (Text of Zetetics II 3: see annex 5.2). It’s a classical problem: you can find
it in Diophantus, but also in Babylonian mathematics. To solve this problem, Viète does
not follow at all the Diophantus’ proceeding: he uses a formula linking xy, x + y and x − y
to reduce the problem to the first of Zetetics I. Look at his method with our notations.
Translation with letters: find x and y knowing that x + y = S and xy = P . Viète uses the
formula (x + y)2 − 4xy = (x − y)2 established in his work Notae priores. Then you can find
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x−y as a function of S and P . Knowing x+y and x−y, you can find x and y by mean of the
first problem (Zetetics I 1). Viète ends with a numerical application: S = 12, P = 20, then
(x − y)2 = 64, and he lets you finish. The use of remarkable identities, or other identities
obtained from them, permits to solve a lot of systems of the first degree in two unknowns.
This method also permits to solve the equation of the second degree in a different way from
the usual way. Here is how: you write the equation under the form x2 + ax = b, and in the
next place as a constant product x(x + a) = b. Let y = x + a, you then have to find x and y
knowing that xy = b and y − x = a: it is the problem 3 of Zetetics II (see annex 5.2) solved
in the same manner as Zetetics II 4.

2 Solution of equations: a change of point of view
To appreciate the change due to Viète, we compare the solution of an equation x2 + ax = b
in Al Khwarizmi’s work and in Viète’s work (texts: see annex 5.3). We shall use present
notations to compare the methods, but it is important to be confronted with the original
texts. In the present case, algebra is often linked with the use of symbols. However the
Al Khwarizmi’s text shows that you can practice algebra without any symbol. And even in
Viète’s text, the language remains to designate equality, powers, dimensions of constants (law
of homogeneous quantities), multiplication (in), double (bis). . . but without symbols (letters)
for known and unknown quantities literal calculus cannot exist: here is Viète’s invention.

2.1 Before Viète
We transform a geometric figure, a rectangle into a square, by means of the gnomon or the
cross.

It’s the geometric figure of the algebraic expression, the theorems on the transformation
of geometric figures of same area, and the aimed geometric figure which are the guides of the
algorithmic proceeding and its validation.

Method of resolution of the equation x2 + ax = d before Viète for x2 + 2x = 20
Representation and geometrical transformation of the member on the left (rectangle)

Method of the gnomon Method of the cross

We get a square (of known side)

(x + 1)2 = 20 + 1 (x + 1)2 = 20 + 4 × 0,25
(x + 1)2 = 21 then x + 1 =

√
21 and x =

√
21 − 1
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2.2 With Viète

We transform an algebraic form, an algebraic sum, into a square, by means of identities and
changes of variable.

It’s the form of the algebraic expression, the catalogue of forms (identities), and the
aimed form (canonical equation) which are the guide of the algebraic proceeding.

Method of resolution of the equation x2 + ax = d with Viète
We make a change of variable a = 2b x2 + 2bx = d (affected form)
We use an identity x2 + 2bx + b2 = (x + b)2 x2 + 2bx + b2 = d + b2

And a change of variable x+b = X X2 = d+b2 (pure form) X =
√

d + b2 x =
√

d + b2−b

Numerical application: b = 1, d = 20, then x =
√

21 − 1
We can notice that Viète, and Al Khwarizmi also, “omit” a solution, the negative one.

But it’s not an omission. For Al Khwarizmi such a solution cannot appear because the
algorithms are based on geometric transformations. And for Viète only positive quantities
exist. Nevertheless by the use of literal calculus, little by little, the mathematicians will
accept the existence of negative and imaginary quantities.

2.3 Utilization in class

We have seen, in the solution of the equation x2 + ax = d and in the solving of problems 3
and 4 of Zetetics II, the central place of literal formulas in Viète’s algebraic method.

In Zetetics II, Viète reduces the solution of any problem of 2nd degree in 2 unknowns to
the solution of a system of the first degree in 2 unknowns by using formulas. The elements
of these formulas (identities) are x2, y2, x + y, x − y, xy, x2 + y2, x2 − y2. I think that the
use in class of these problems and of the Viète’s method is a good work for pupils for using
remarkable identities because frequently the required work on this subject is only technical
without problem solving. Examples are given in annex 5.4 (See also [U1]).

3 Solution of geometric problems using algebra

3.1 The section of the angles

By creating his new algebra, Viète intended to solve the famous problems of the Antiquity.
And at the end of the Introduction to the Analytic Art he emphasises the fact that his new
algebra allowed him to penetrate the mystery of angular sections: “The analyst solves the
most famous problems called irrational such as that of the section of an angle into three
equal parts, the invention of the side of the heptagon and all others which fall into formulas
of equations. . . the mystery of angular sections that nobody has known up to this day.” In
fact, his new algebra allowed him to establish literal formulas of trigonometry and to reduce
the division of an angle into n equal parts to an equation of degree n (see annex 5.5). Then
for him, to solve Adrien Romain’s challenge became easy (see annex 5.6).

3.2 Inscription of a square in a triangle

Literal calculus allows solving geometric problem of construction in the general case: this
Viète’s aim will be taken again by Descartes in his Geometry with an extension to the
locus problems. To measure the change, we propose again the same problem treated by Al
Khwarizmi and by Bézout : two texts utilized in class with pupils (see annex 5.7).

With Al Khwarizmi’s text pupils can discover the solution of a geometric problem by the
means of algebra : an algebra with numerical coefficients — the algebra before Viète which he
called numerical logistic —, an isosceles triangle (particular case) and numerical data. But
it is an interesting problem, and I utilize it with my pupils 13–14 years old (see annex 5.7.1).
For uses in other classes, see [U2].
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On the other hand, the literal calculus allows the treatment of this problem in the general
case, as shown by Bézout’s text. Two centuries after Viète’s invention, we see his method
working with our notations:

1. Algebraic translation: writing a literal equation (different from analytic geometry).

2. Algebraic solving of the equation: by means of literal calculus, the unknown is written
as a formula function of the data.

3. This formula allows to construct geometrically the solution and to do numerical appli-
cations.

This problem is a good situation to work with literal calculus in class (see [U2]).

4 Capital importance of the invention of literal calculus
The analysis is issued from “specious” algebra: notion of equations of curve, of variable, of
function. . . The explicitation of properties of operations is issued from literal calculus. The
modelisation with the algebraic language allowed the rapid progress of mathematics and of
the other sciences.

But now, in France, in secondary school, there is a quasi exclusive use of “numerical
algebra”, and the learning of algebraic calculus is done formally in the field of numbers. So
it is urgent, on our point of view, to rehabilitate the “specious algebra” as a tool for problem
solving in the field of quantities in order to:

• solve geometric problems: construction, proof, locus of points. . .

• establish general formulas: perimeters, areas, volumes, number properties. . .

The utilizations in class that we have presented, borne on historical texts, show examples
of this rehabilitation.

5 Annex
This annex contains historical documents illustrating the paper. Three of them point out a
utilization with pupils.

5.1 Viète’s solution of Adrien Romain’s challenge and Apollonius’ problem

Le Clerc, Paris, 1600
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Mettayer, Paris, 1595

5.2 Two Viète’s problems: Zetetics, Mettayer, Tours, 1591
Book I, problem 1.
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Given the difference between two sides and their sum, find the sides.
Let B be the given difference of the two sides, and let D be their sum. We have to find

the sides. Let A be the smaller side, then the bigger side will be A + B. For this reason the
sum of the sides will be 2A+B. This is the same thing as D. That is what 2A+B equals D.

And by antithesis, 2A will equal D−B and all being divided by two, A will equal
1
2
D− 1

2
B.

Or let E be the bigger side. The smaller will then be E − B. For this reason the sum of
the sides will be 2E −B. This is the same thing as D. That is why 2E −B will equal D and

by antithesis 2E will equal D + B; and all being divided by two, E will equal
1
2
D +

1
2
B.

So, given the difference between two sides and their sum, the sides will be found. Indeed:
Half the sum of the sides, minus half the difference, equals the smallest side; the same

quantities added give the bigger side.
This was to be done.
Given: B 40. D 100. A equals 30. E equals 70.

Book II, problem 3.

Given the product of two numbers and their difference, find the numbers.
In fact: The square of the difference of the numbers, plus four times their product, equals

the square of their sum.
Indeed, we have shown before that the square of the sum of two numbers minus the

square of their difference equals four times their product, then, by antithesis, we have the
first statement. The difference between the two numbers and their sum is yet given, and
then we can get the numbers.

Given 20 the product of the two numbers, and 8 their difference. Let 1N be their sum.
1Q (its square) equals 144

5.3 The resolution of equations: equation x2 + ax = b

5.3.1 Text of Al Khwarizmi: Algebra, Chapter IV. Squares and roots that
are equivalent to numbers

There is equivalence between squares and roots on the one hand and numbers on the other
hand if, for example, one says that a square and ten roots are equal to 39 units.

The question therefore in this type of equation is about as follows: what is the square
which combined with ten of its roots will give a sum total of 39?
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The manner of solving this type of equation is to take one-half of the roots just mentioned.
Now the roots in the problem before us are 10. Therefore take 5, which multiplied by itself
gives 25, an amount which you add to 39 giving 64. Having taken then the square root of this
which is 8, subtract from it half the roots, 5 leaving 3. The number three therefore represents
one root of this square, which itself, of course is 9. Nine therefore gives the square.

5.3.2 Text of Viète: Treatise about equations

(De Emendatione aequationum tractatus secundum, Laquehay, Paris, 1615)

How to reduce quadratic equation from affected to pure
Three formulas

II.

If A2 − 2AB = Zp. A − B = E then E2 = Zp + B2,
That is why

√
Zp + B2 + B = A, which was to be found.

Given B = 1, Zp = 20, A = 1N
1Q − 2N = 20 and N is equal to

√
21 + 1.

5.4 Exercises about Viète’s Zetetics
These exercises have been given to pupils 14–17 years old during the theme about remarkable
identities. See also [U1].
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Demonstrate the following theorems stated and
demonstrated in 1591 by the French
mathematician Viète (1540–1603), born in
Fontenay-le-Comte, which was then the capital
of Lower Poitou.

1. Twice the product of two numbers added to the
sum of their squares is equal to the square of their
sum. If we subtract it from the sum of their
squares, we get the square of the difference
between the two numbers.

2. The square of the sum of two numbers added to
the square of the difference between them is equal
to the double of the sum of their squares.

3. The square of the sum of two numbers minus the
square of the difference between them is equal to
four times their product.

4. If the difference between the squares of two
numbers is divided by the difference between the
two numbers, the quotient is the sum of the two
numbers.

5. If the difference between the squares of two
numbers is divided by the sum of the two
numbers, the quotient is the difference between
the two numbers.

In Book 3 of his research (Zetetics), Viète
implements his calculations with letters, that he
invented, to find formulas on rectangular
triangles. Find his formulas.

1. Given the perpendicular of a right triangle and
the difference between the base and the
hypotenuse, find the base and the hypotenuse.
Numerical application: 5 and 1.

2. Given the perpendicular of a right triangle and
the sum of the base and the hypotenuse, find the
base and the hypotenuse. Numerical application:
5 and 25.

3. Given the hypotenuse of a right triangle and the
difference between the sides around the right
angle, find the sides around the right angle.
Numerical application: 13 and 7.

4. Given the hypotenuse of a right triangle and the
sum of the sides around the right angle, find the
sides around the right angle. Numerical
application: 13 and 17.

Use these rules to solve,
as Viète did it in Book 2
of his Researches
(Zetetics), the following
systems of two equations
with two unknowns,
reducing them to the
search of the sum and the
product of two numbers.

1. xy = 20 and
x2 + y2 = 104.

2. xy = 20 and x − y = 8.

3. x − y = 8 and
x2 + y2 = 104.

4. x + y = 12 and
x2 + y2 = 104.

5. x − y = 8 and
x2 − y2 = 95.

6. x + y = 12 and
x2 − y2 = 95.

7. xy = 20 and
x2 − y2 = 95.

8. xy + x2 + y2 = 124 and
x + y = 12.

9. x3 − y3 = 316 and
x3 + y3 = 370.

10. x3 − y3 = 316 and
xy = 1.

11. x − y = 6 and
x3 − y3 = 504.

12. (x − y)(x2 − y2) = 32
and
(x + y)(x2 + y2) = 272.

13. x2 + y2 = 20 and
xy

(x − y)2
= 2.

14. x2 + y2 = 20 and
xy

(x − y)2
= 1.
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5.5 Trigonometry and trisection

Trigonometry: addition formulas

With Viete’s notations
S is F in D+B in G and C is G in D−F
in B
With modern notations:
sin(a + b) = sin b cos a + sina cos b and
cos(a + b) = cos b cos a − sin b sina

Trisection of an angle:

3z − z3 = a

5.6 Viète’s method to solve Adrien Romain’s challenge
Adrien Romain’s equation

Transcription in present notations.
45x − 3 795x3 + 95 634x5 − 1 138 500x7 + 7 811 375x9 − 34 512 075x11 + 10 5306 075x13 −
232 676 280x15 + 384 942 375x17 − 488 494 125x19 + 483 841 800x21 − 378 658 800x23 +

236 030 652x25 − 117 679 100x27 + 46 955 700x29 − 14 945 040x31 + 3 764 565x33 −
740 259x35 + 111 150x37 − 12 300x39 + 945x41 − 45x43 + x45 = a.

With a equal to:

√√√√7
4
−

√
5
16

−

√
15
8

−
√

45
64

The principle of Viète’s reconstruction.

To divide an angle into n equal parts can be reduced to an equation of degree n.
If the given equation is that of the division of an angle into 45 equal parts, 45 = 3×3×5,

we can make three steps.
First step: Let z such as

3z − z3 = a (1)

Equation corresponding to the division of an angle into 3 equal parts.
Second step: Let y such as

3y − y3 = z (2)

The same; then the given angle is divided into 9 equal parts.
Third step: Let x such as

5x − 5x3 + x5 = y (3)

Equation corresponding to the division of an angle into 5 equal parts; then the given angle
is divided into 45 equal parts.

By using (3), equation (2) becomes:

3(5x − 5x3 + x5) − (5x − 5x3 + x5)3 = z.

And equation (1) becomes:

3[3(5x − 5x3 + x5) − (5x − 5x3 + x5)3] − [3(5x − 5x3 + x5) − (5x − 5x3 + x5)3]3 = a.

Expanding, we find Romain’s equation.
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5.7 Inscription of a square in a triangle
5.7.1 A problem by Al Khwarizmi (extract from Kitab al-Jabr wal Muqabala)

Given a triangular plot of land with sides of 10,
10 and 12 cubits, and inside it a square piece
of land, what is the side of this piece of land?

Multiply half the base by itself, subtract it from
one of the smaller sides multiplied by itself and
that is 100. The remainder is 64. Take the root
of this number, 8 and that is the height. And
the area is 48 and that is the product of the
height by half the base which is 5.
We state that one of the sides of the square
plot of land is a thing, we multiply it by it-
self, it becomes “the capital” and we keep it.
Then we notice that we are left with 2 trian-
gles on the vertical sides of the square and a
triangle on top of it. As for the two triangles
that are on the vertical sides of the square plot
of land, they are equal and their height is the
same and they have a right angle. So their area
is calculated by multiplying a thing by 6 minus
half a thing, which makes 6 things minus half a
square; and that is the area of the two triangles
together which are on the vertical sides of the
square plot. As for the area of the triangle at
the top, we get it by multiplying 8 minus one
thing, which is the height, by half a thing, that
makes 4 things minus half a square. This is the
area of the square plot and the three triangles,
and that is 10 things and equal to 48 which is
the area of the big triangle. Thus the thing is 4

cubits and
4
5

and that is each side of the square

plot and here is its figure.

(From an oral translation by Ahmed Djebbar
during a talk.)

This text has been utilized with pupils 13–14 years old with the following instructions
(see also [U2]).

1. What does Al Khwarizmi try to find in his problem? Draw a figure and note the data
and colour in red what must be found.

2. What does Al Khwarizmi find? Check if his result is correct.
3. Explain Al Khwarizmi’s method.
4. Here is an extract from the introduction to Al Khwarizmi’s book:

“I wrote, in the field of calculus by al jabr, an epitome including the finest and noblest
operations of calculus which the men needed to do their heritages and donations, their
partitions and judgments, their commercial transactions and all the operations which
interest them, as land-surveying, distribution of river waters, architecture and other
things.”

Explain why Al Khwarizmi invented algebra.
5. In order to know Al Khwarizmi better.

Try and find where he lived, what he did, what are the rules of al-jabr and al-muqabala,
what word was created after his name. . . (note the references of the documents in which
you found pieces of information: books, websites, . . . )
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5.7.2 The problem by Bézout

(Cours de Mathématiques à l’usage des gardes du Pavillon de la Marine, volume 3, 1766, or
du Corps Royal de l’Artillerie, tome 2, 1788)

(Géom. 109)

251. For the first question, we propose
to describe a square ABCD (Fig. 13) in a
given triangle EHI.

By these words, a given triangle, we mean a
triangle in which everything is known, the sides,
the angles, the height etc.
With a little attention, we see that this ques-
tion amounts to finding, on the height EF , a
point G through which, drawing AB parallel to
HI , this line AB should be equal to GF ; thus
the equation is quite natural. We only have to
determine the algebraic expression of AB and
that of GF and then equal them.
So let’s name a the known height EF , b the
known base HI , and x the unknown line GF ;
then EG will equal a − x.
Now, since AB is parallel to HI , we must
(Geom. 109) have EF : EG :: FI : GB :: HI :
AB; that is to say, EF : EG :: HI : AB; or

a : a−x :: b : AB; so (Arith. 169) AB = ab− bx
a

;

and therefore that AB must be equal to GF ,

we will have ab− bx
a

= x; whence, by the rules

of the first section, we derive the x =
ab

a + b
.

To construct this quantity, we must, in accor-
dance with what we have said earlier (184), find
a fourth proportional to a + b, b, and a, which
we will do like this. We will draw from F to O
a line FO equal to a + b, that is to say, equal
to EF + HI , and we will draw EO; then tak-
ing FM equal to HI = b, we will draw, par-
allel to EO, a line MG, which when meeting
EF will determine GF for the value of x; be-
cause the similar triangles EFO, GFM give
FO : FM :: FE : FG, or a + b : b :: a : FG; so

FG is equal to
ab

a + b
(Géom.109)
The homologous sides of two triangles whose
angles are equal each to each, are proportional,
and thus these triangles are similar.

This text has been utilized with pupils 15–16 years old (see [U2]).
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Repères-IREM No 42, 2001, or [D1].

– [D6] Chevallard, Y. Le passage de l’arithmétique à l’algébrique dans l’enseignement des
mathématiques au collège, Petit x No 5–19–23, IREM de Grenoble.

– [D7] Gascón, J., Un nouveau modèle de l’algèbre élémentaire comme alternative à
l’arithmétique généralisée, Petit x No 37, IREM de Grenoble.

Website on Viète

– [W] http://www.cc-parthenay.fr/parthenay/creparth/GUICHARDJp/VIETEaccueill.html

– A diaporama is avaible on the site “CultureMath”: http://www.dma.ens.fr/culturemath/.


